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The magnetization of a ferromagnet (F) driven out of equilibrium injects pure spin current into
an adjacent conductor (N). Such F|N bilayers have become basic building blocks in a wide variety
of spin based devices. We evaluate the shot noise of the spin current traversing the F|N interface
when F is subjected to a coherent microwave drive. We find that the noise spectrum is frequency
independent up to the drive frequency, and increases linearly with frequency thereafter. The low
frequency noise indicates super-Poissonian spin transfer, which results from quasi-particles with
effective spin ~∗ = ~(1 + δ). For typical ferromagnetic thin films, δ ∼ 1 is related to the dipolar
interaction-mediated squeezing of F eigenmodes.
PACS numbers: 72.70.+m, 42.50.-p, 75.76.+j
Introduction. The fluctuations of a macroscopic ob-
servable, often called noise, constitute a fundamental
manifestation of the underlying microscopic dynamics.
While the thermal equilibrium noise is directly related
to the linear response coefficients via the fluctuation-
dissipation theorem [1], non-equilibrium shot noise pro-
vides novel information not accessible via the observable
average [2–4]. Shot noise has been extremely useful in a
wide range of phenomena. The optics community has
been exploiting intensity shot noise in, among several
phenomena [5], observing non-classical photon states [6].
Charge current shot noise has proven to be an effective
probe of many-body effects in electronic systems [3, 4].
It has also been employed to ascertain the unconven-
tional quanta of charge transfer in the fractional quan-
tum Hall phase [7–10] and superconductor-normal metal
hybrids [11–14]. Noise has furthermore been proposed
as a means to observe quantum spin [15] or mode [16]
entanglement in electronic circuits.
Spin current forms an observable of interest in a wide
range of systems, such as topological insulators [17],
triplet superconductors [18], magnetic insulators [19, 20]
and so on, in which the spin degree of freedom plays
an active role. While spin dependent charge current
noise has been discussed [21–23], the potential of spin
current noise has remained largely untamed. Foros et
al. have considered the applied voltage driven, and thus
conduction electrons mediated, spin current shot noise
in metallic magnetic nanostructures [24]. The recent
experimental observations of pure spin current thermal
noise [25], and non-equilibrium spin accumulation driven
charge current shot noise [26], indicate the feasibility of
and bring us closer to exploiting this potential. In semi-
conductor physics, spin noise spectroscopy has already
become an established experimental technique [27, 28].
Heterostructures formed by interfacing a non-magnetic
conductor (N) with a ferromagnet (F), typically an in-
sulator (FI), are of particular interest since they allow
transfer of pure spin current carried by the collective
magnetization dynamics in F to electrons in N. This
spin transfer phenomenon has come to be known as
FIG. 1. (a) Schematic of the ferromagnet (F) and non-
magnetic conductor (N) bilayer analyzed in the text. The
coordinate system is depicted in blue. A static magnetic field
H0zˆ saturates F magnetization along zˆ while a coherent mi-
crowave field h0 cosωt xˆ creates magnonic excitations in F.
The latter annihilate at the interface creating excitations and
injecting z-polarized spin current in N. (b) Schematic plot of
S(Ω)/2Idc vs. Ω [Eq. (1)]. S(Ω) and Idc are respectively the
noise power spectral density and the dc value of the interfacial
spin current.
spin pumping [29]. FI|N bilayers have been the play-
ground for a plethora of newly discovered and proposed
effects [20, 30] making a microscopic understanding of
the spin transfer process highly desirable. In this Letter,
we investigate spin transfer between the collective mag-
netization modes in F and electrons in N by examining
the zero-temperature spin current shot noise when F is
driven by a coherent microwave magnetic field (Fig. 1).
Within the commonly used terminology [29, 31], this may
be called coherently driven spin pumping shot noise.
The three key findings of this Letter are spontaneous
squeezing [5] of F eigenmodes, super-Poissonian nature of
spin transport, and a non-trivial frequency dependence of
the spin current noise power spectral density S(Ω) [Fig.
1 (b)]:
S(Ω) =~∗
Idc
ω
(|ω + Ω|+ |ω − Ω|) , (1)
with ω the drive frequency, Idc the dc spin current,
~∗ = ~(1+δ), and the expression for δ is derived below. If
dipolar interaction is disregarded, spin ~ quasi-particles -
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2magnons [32, 33]- constitute the collective magnetization
eigenmodes in F. Hence, the spin transfer to N is often
assumed to take place in lumps of ~ [34–36]. However,
due to the dipolar interaction, the actual F eigenmodes
turn out to be squeezed magnon states. Here, the term
squeezing refers to reduction of quantum uncertainty in
one quadrature at the expense of increased uncertainty
in the other [5]. Thus, the super-Poissonian statistic of
spin transfer reflects the super-Poissonian distribution [5]
of the magnon number in the coherent squeezed-magnon
state of F generated by the coherent microwave drive.
The same shot noise is interpreted in the F eigenba-
sis as being a result of Poissonian spin transfer via the
squeezed-magnon (s-magnon) quasi-particles which have
spin ~∗ [Fig. 1 (a)].
Hamiltonian. The Hamiltonian for the system of inter-
est, depicted in Fig. 1 (a), comprises of magnetic (H˜F),
electronic (H˜N), interaction between F and N (H˜int), and
microwave drive (H˜drive) contributions:
H˜ = H˜F + H˜N + H˜int + H˜drive, (2)
where tilde is used to denote operators. We first eval-
uate H˜F by quantizing the classical magnetic Hamil-
tonian HF which includes contributions from Zeeman,
anisotropy, exchange and dipolar interactions [33, 37]:
HF =
∫
VF
d3r (HZ +Haniso +Hex +Hdip) , with VF the
volume of the ferromagnet. An applied static mag-
netic field H0zˆ saturates the F magnetization M along
the z-direction such that Mx,y( Mz ≈ Ms) become
the field variables describing the excitations. Ms is
the saturation magnetization. We retain terms up to
second order in Mx,y. Employing the relation M
2
x +
M2y + M
2
z = M
2
s and dropping the constant terms,
the Zeeman and anisotropy contributions are obtained
as [38, 39]: HZ+Haniso = (ω0/2|γ|Ms)
(
M2x +M
2
y
)
, with
ω0 = |γ|[µ0H0 + 2(K1 + Ku)/Ms], where γ = −|γ| is
the typically negative gyromagnetic ratio of F, µ0 is the
permeability of free space, Ku(> 0) and K1(> 0) re-
spectively parameterize uniaxial and cubic magnetocrys-
talline anisotropies [40]. The exchange contribution
is [33, 39]: Hex = (A/M
2
s )
[
(∇Mx)2 + (∇My)2
]
, with
A the exchange constant [41]. The dipolar interaction
is treated within a mean field approximation via the so
called demagnetization fieldHm produced by the magne-
tization: Hdip = −(1/2)µ0Hm ·M . For spatially constant
M ,Hm = −(NxMxxˆ+NyMyyˆ+NzMzzˆ) with Nx,y,z the
elements of the demagnetization tensor, which is diagonal
in the chosen coordinate system [37].
The classical magnetic Hamiltonian is quantized by
defining the magnetization operator M˜ = −|γ|S˜F [33, 37]
with S˜F the F spin density operator. The magneti-
zation is expressed in terms of Bosonic excitations by
the Holstein-Primakoff transformations [32, 33]: M˜+ =√
2|γ|~Ms [1−(|γ|~/2Ms)a˜†a˜]a˜, M˜− =
√
2|γ|~Ms a˜†[1−
(|γ|~/2Ms)a˜†a˜], and M˜z = Ms − |γ|~a˜†a˜, where M˜± =
M˜x ± i(γ/|γ|)M˜y. The operator a˜† ≡ a˜†(r) creates a
magnon at position r, satisfies the Bosonic commutation
relation: [a˜(r), a˜†(r ′)] = δ(r − r ′), and is expressed in
terms of the Fourier space magnon creation operators
b˜†q via a˜†(r) =
∑
q φ
∗
q(r)b˜
†
q with plane wave eigenstates
φq(r) = (1/
√
VF) exp(iq · r). Following the quantization
procedure [33, 37], the magnetic Hamiltonian simplifies
to:
H˜F =
∑
q
[
Aq b˜
†
q b˜q +B
∗
q b˜
†
q b˜
†
−q +Bq b˜q b˜−q
]
, (3)
where Aq = A−q = ~(ω0+Dq2+|γ|Msµ0(Nxz+Nyz)/2)+
~ωA(q) and Bq = B−q = ~|γ|Msµ0Nxy/4+~ωB(q). Here,
D = 2A|γ|/Ms, Nxy = Nx − Ny and so on, ωA,B(q) are
the dipolar interaction contributions for magnons with
q 6= 0 [33, 37], and ωB(q) is complex in general. The
Hamiltonian (3) is diagonalized by a Bogoliubov trans-
formation [32, 33] to new Bosonic excitations defined by
β˜q = uq b˜q − v∗q b˜†−q ,
H˜F =
∑
q
~ωq β˜†q β˜q , (4)
with transformation parameters: ~ωq =
√
A2q − 4|Bq |2,
vq = −2Bq/
√
(Aq + ~ωq)2 − 4|Bq |2, vq/uq =
−2Bq/(Aq + ~ωq), and u2q = 1 + |vq |2. Here, uq
has been chosen to be real positive while vq is in general
complex, with v0 real.
If the dipolar interaction is disregarded, Bq = 0,
β˜q = b˜q , and magnon modes are the eigenstates of F.
To gain insight into the effect of the dipolar interac-
tion on the eigenmodes, we note that the vacuum cor-
responding to the new excitations |0〉β is defined by
(uq b˜q − v∗q b˜†−q) |0〉β = 0. Employing Baker-Hausdorff
lemma and relegating detailed derivations to the Supple-
mental Material [42], this becomes S˜2(ξq)b˜q S˜
†
2(ξq)|0〉β =
0 with ξq = −(vq/|vq |) tanh−1(|vq |/uq), where S˜2(ξq) =
exp(ξ∗q b˜q b˜−q − ξq b˜†q b˜†−q) is the two-mode squeeze opera-
tor [5], considering q 6= 0. This leads to |0〉β = S˜2(ξq)|0〉b
showing that the β˜q vacuum is obtained by squeezing
the magnon vacuum, two modes (b˜±q) at a time. In
other words, βq excitations are obtained by squeezing
b˜±q , and are thus called squeezed-magnons (s-magnons).
Instead of deriving a similar relation for the q = 0 mode,
we demonstrate its squeezing by evaluating the vacuum
fluctuations of M˜x,y =
∫
VF
M˜x,yd
3r ∝ (b†0 ± b0):〈(
δM˜x,y
)2〉
0
=
|γ|~M0
2
exp (∓2ξ0) , (5)
where 〈 〉0 denotes expectation value in the ground state,
M0 = MsVF is the total magnetic moment, and ξ0 =
− tanh−1(v0/u0) is real. The sign of ξ0 , and thus the
direction (x or y) of squeezing, is determined by the sign
3of −v0/u0 ∝ B0 ∝ Nxy. Hence we find reduced quantum
noise in one component of the total magnetic moment
while the noise is increased in the other component. Ow-
ing to dipolar interactions, the F ground state exhibits
spontaneous squeezing.
The electronic Hamiltonian for N can be written as
H˜N =
∑
k,s=± ~ωk c˜
†
k,sc˜k,s, where c˜
†
k,s are Fermionic op-
erators that create electrons with spin s~/2 along the
z-direction in orbitals with wave functions ψk(r). We
consider that F and N couple via an interfacial exchange
interaction parametrized by J [34, 35]:
H˜int = −J~2
∫
A
d2%
(
S˜F(%) · S˜N(%)
)
, (6)
where A denotes the interfacial area and % is the inter-
facial 2D position vector. S˜N = (~/2)
∑
s,s′ Ψ˜
†
sσs,s′Ψ˜s′ is
the N spin density operator, where Ψ˜s(r) =
∑
k ψk(r)c˜k,s
annihilates electron with spin s~/2 at r, and the compo-
nents of σ are the Pauli matrices. In terms of the normal
mode operators [43],
H˜int =
∑
k1k2q
~Wk1k2q c˜
†
k1+
c˜k2−b˜q + h.c. , (7)
with b˜q = uq β˜q + v
∗
q β˜
†
−q , and ~Wk1k2q =
J√Ms/2|γ|~ ∫A d2% ψ∗k1(%)ψk2(%)φq(%). The mi-
crowave drives the system via Zeeman coupling between
its magnetic field h0 cos(ωt)xˆ and the F total magnetic
momentM:
H˜drive = −µ0h0 cos(ωt)B
(
β˜0 + β˜
†
0
)
, (8)
with B = (u0 + v0)
√|γ|~M0/2.
Since the magnonic excitations possess spin along the
z-direction, we are interested in z-polarized spin current
injected into N by F. The corresponding spin current op-
erator is given by:
I˜z =
1
i~
[S˜z, H˜int] =
∑
k1k2q
−i~Wk1k2q c˜†k1+c˜k2−b˜q + h.c.,
with S˜ = ∫
VN
d3rS˜N(r), where VN denotes the volume of
N.
Equations of motion. We have thus expressed the total
Hamiltonian and the spin current operator in terms of the
creation and annihilation operators of F (s-magnons) and
N (electrons) eigenmodes. Working in the Heisenberg
picture, the time resolved expectation value of an observ-
able can be obtained by evaluating the time evolution of
electron and s-magnon operators. Since the microwave
drives the q = 0 magnetic mode coherently leaving all
other modes essentially unperturbed, we make the quasi-
classical approximation replacing β˜q by c-numbers βδq,0 ,
and derive the dynamical equation for β(t) = 〈β˜0(t)〉 be-
low. This ‘approximation’ is equivalent to disregarding
the equilibrium noise and allows us to focus on the shot
noise. The contribution of thermal and vacuum noises
shall be considered elsewhere.
The Heisenberg equations of motion ˙˜ck+ =
(1/i~)[c˜k+, H˜] simplify to:
˙˜ck+ = −iωk c˜k+ − i
∑
k2,q
Wk,k2,q c˜k2−b˜q . (9)
Similarly, equations of motion can be obtained for c˜k−
and β˜q . As detailed in the Supplemental Material [42],
we obtain solutions to these equations up to the lowest
non-vanishing order in J using the method employed by
Gardiner and Collett [44] in deriving the input-output
formalism [5]. Until some initial time t0, F and N do not
interact with each other and are in equilibrium so that
the density matrix of the system, which stays the same
in the Heisenberg picture, factors into the equilibrium
density matrices of F and N. The terms H˜int and H˜drive
are turned on at t = t0. The steady state solution for
any time t > t0 is obtained by taking the limit t0 → −∞
in the end. The general solution to Eq. (9) for t > t0 can
then be written as [44]:
c˜k+(t) =e
−iωk(t−t0)c˜k+(t0) (10)
− i
∑
k2,q
Wk,k2,q
∫ t
t0
e−iωk(t−t
′)c˜k2−(t
′)b˜q(t′)dt′.
Employing analogous expressions for c˜k−, the Heisenberg
equation of motion for β˜0 , and retaining terms up to
second order in J , we obtain the dynamical equation
for β(t) = 〈β˜0(t)〉:
β˙ =− iω0β − (u20 + v20 )ΓNβ + 2u0v0ΓNβ∗
+ i
µ0h0B
~
cos(ωt), (11)
where ΓN = ωα
′ = ωpi|WFermi,0 |2V 2N~2g2(Fermi) repre-
sents the magnetic dissipation caused by the electronic
bath in N. Here g(Fermi) is the electronic density of
states at the Fermi energy Fermi, and we assume that
Wk1,k2,0 = WFermi,0 depends only on k1,2 magnitudes,
and hence on Fermi. So far, we have not considered any
internal dissipation in F. This can be done by includ-
ing non-linear interactions with another bath (electrons,
phonons, (s-)magnons etc.) in H˜F [44]. The resulting
dynamical equation for β is obtained by replacing ΓN by
Γ = ΓF+ΓN in Eq. (11), where ΓF depends on the details
of the non-linear interaction considered in H˜F.
Results and Discussion. Substituting the ansatz β =
β+ exp(iωt) + β− exp(−iωt) in Eq. (11), we find that
β+  β− for Γ ω0 , and hence β+ is disregarded mak-
ing the rotating wave approximation:
β(t) =
µ0h0B
2~
1
(ω0 − ω)− iΓ(u20 + v20 )
e−iωt. (12)
4Thus we obtain resonant excitation of the q = 0 s-magnon
mode at ω = ω0 . The analysis leading to Eq. (11) is em-
ployed to obtain the expectation value of the spin current
operator up to the order J 2:
Iz(t) =〈I˜z(t)〉 = Idc = 2~α′ω|β|2. (13)
Thus the spin current injection also exhibits resonant be-
havior akin to magnetization dynamics [45].
The single-sided spectral density of spin current noise
S(Ω) is obtained via the Wiener-Khintchine theorem for
non-stationary processes [46]: S(Ω) = 2
∫∞
−∞R(t)e
iΩtdt
with R(t) = limτ0→∞(1/2τ0)
∫ τ0
−τ0 Φ(τ, τ − t)dτ , where
Φ(t1, t2) = (1/2)〈δ˜Iz(t1)δ˜Iz(t2) + δ˜Iz(t2)δ˜Iz(t1)〉 is the
expectation value of the symmetrized spin current fluc-
tuations [δ˜Iz = I˜z − 〈I˜z〉] correlator. Assuming zero
temperature and again retaining terms up to order J 2,
the spin current shot noise simplifies to Eq. (1) with
~∗ = ~(1 + 2v20 ), which is the main result of this Letter.
The zero frequency noise thus becomes S(0) = 2~(1 +
2v20 )Idc [Eq. (1)]. Equations (12) and (13) show that
S(0) exhibits resonant behavior as a function of ω. Un-
der certain conditions, the low frequency shot noise for
a Poissonian transport process with transport quantum
q and dc current I0 is known to be 2qI0 [3, 5]. Thus,
in the N eigenbasis, in which electrons undergo spin flips
by absorbing magnons, our result for low frequency spin
current shot noise can be understood as due to corre-
lated spin transfer in lumps of ~. This interpretation
is corroborated by the squeeze parameter ξ0 dependent
super-Poissonian distribution of the particle (in this case,
magnon) number in a coherent squeezed state [5].
An alternate interpretation for the low frequency noise
is obtained in the F eigenbasis: spin transport takes place
via the coherent state driven Poissonian transfer [5] of
β0 s-magnons which have a spin of ~∗ = ~(1 + δ) with
δ = 2v20 . This non-integral spin of s-magnons can also be
obtained directly by evaluating the expectation value of
the z-component of the total spin in F:
∫
VF
〈S˜zF(r)〉d3r =
−M0/|γ|+
∑
q ~(1+2|vq |2)nβq +
∑
q ~|vq |2, where the last
term in this expression represents the vacuum noise [32],
and nβq denotes the number of s-magnons with wavevec-
tor q. Thus we see that s-magnon with wavevector q has
spin ~(1 + 2|vq |2).
However, vq is considerable only when the relative con-
tribution of the dipolar interaction to the total eigen-
mode energy ~ωq is not negligible. In particular, with
ω0/2pi = 1 GHz, δ = 2v
2
0 ≈ 0.4 for yttrium iron garnet
(|γ| = 1.8 × 1011 Hz/T, Ms = 1.4 × 105 A/m [40]) and
δ ≈ 3.0 for iron (|γ| = 1.8 × 1011 Hz/T, Ms = 1.7 × 106
A/m [40]) thin films (Nx = 1, Ny,z = 0). δ(∝ N2xy) van-
ishes when Nxy = 0, and δ → 0 when H0/Ms →∞.
To discuss a physical understanding of the spin cur-
rent shot noise frequency dependence [Eq. (1)], we note
that the charge current noise at frequency Ω is due to
FIG. 2. Processes contributing to spin current noise at fre-
quency Ω. The blue, green and grey circles respectively depict
s-magnon, excitation created in N, and spin current analog of
a photon (see text). For Ω < ω (the drive frequency), only
processes (1) and (3) are allowed. While for Ω > ω, only
processes (1) and (2) take place.
absorption and emission of photons at the same fre-
quency [47]. We make an analogous interpretation of
spin current noise in terms of absorption and emission
of photon-like quasi particles, keeping in mind that the
analogy is mathematical. Thus, for Ω < ω, the only
possible processes are absorption of photon-like quasi-
particle and s-magnon while creating an excitation in N
[Process (1) in Fig. 2], and absorption of s-magnon while
creating a photon-like quasi-particle and an excitation in
N [Process (3) in Fig. 2]. The rate of each process is pro-
portional to the number of states available for creating
an excitation in N, which, at zero temperature, is pro-
portional to the energy of the N excitation governed by
energy conservation in the process. Similar arguments
can be made when Ω > ω (Fig. 2) thereby motivating
the frequency dependence in Eq. (1).
Summary. We have evaluated the zero temperature
shot noise of spin current injected into a non-magnetic
conductor (N) by an adjacent ferromagnet (F) driven by
a coherent microwave drive. The low frequency shot noise
indicates spin transfer in quanta of ~∗ = ~(1 + δ) as-
sociated with the zero wavevector excitations in F. We
demonstrate that owing to dipolar interaction [48], the
F ground state exhibits spontaneous squeezing [5], and
its normal excitations are squeezed-magnons with non-
integral spin. Our work thus provides important new
insights into the magnetization mediated spin transfer
mechanism in F|N bilayers, and paves the way for ex-
ploiting the spontaneously squeezed F ground state.
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SQUEEZING OF MAGNONS
Here we demonstrate that the Bogoliubov transformation required to diagonalize the magnetic Hamiltonian (Eq.
(3) in the main text) expressed in terms of the magnon operators results in eigenmodes obtained by squeezing of the
magnon modes which are thus called squeezed-magnons (s-magnons). To this end, we first discuss the definitions [5, 49]
of the squeeze operator and the squeezed vacuum which will allow us to obtain the desired mathematical relation
between the two kinds of excitations.
For a single mode represented by the annihilation operator a˜, the squeeze operator is defined as:
S˜(ξ) = exp
[
1
2
(
ξ∗a˜2 − ξa˜†2)] , (S1)
with ξ = r exp(iθ), where r is known as the squeeze parameter and θ specifies the direction of squeezing [49]. One
may thus define a new “squeezed” state |ψ〉s:
|ψ〉s =S˜(ξ)|ψ〉, (S2)
in terms of the original state |ψ〉. When |ψ〉 is the vacuum state corresponding to the mode a˜ (represented as |0〉a),
|ψ〉s is known as the squeezed vacuum and is typically represented by |ξ〉. The original vacuum state |0〉a has the
property that the two quadratures X˜1,2, which do not commute and are defined by:
X˜1 =
1
2
(
a˜+ a˜†
)
, (S3)
X˜2 =
1
2i
(
a˜− a˜†) , (S4)
exhibit equal quantum fluctuations. These quadratures typically represent physically relevant quantities e.g. electric
and magnetic fields for optical modes. In the squeezed state |ξ〉, the two quadratures have unequal quantum fluctu-
ations which is seen as the squeezing of the quantum noise in one quadrature at the expense of an increase in the
other. In particular with θ = 0, 〈
(∆X˜1,2)
2
〉
=
1
4
e∓2r, (S5)
where ∆X˜ ≡ X˜ − 〈X˜〉. The squeezed state additionally has several interesting properties due to its non-classical
nature signified by the non-positive value of its P-function over part of the phase space [49].
In a similar fashion, two-mode squeeze operator S˜2(ξ) and vacuum |ξ〉2 may be defined in the space of the two
modes represented by the annihilation operators a˜ and b˜ [49]:
S˜2(ξ) = exp
(
ξ∗a˜b˜− ξa˜†b˜†
)
, (S6)
|ξ〉2 =S˜2(ξ)|0〉a,b. (S7)
For two-mode squeezing, the relevant quadratures exhibiting unequal vacuum fluctuations involve operators for both
modes and do not, in general, have a simple physical interpretation. However, the two-mode squeezed state is also non-
classical with interesting properties including entanglement between the two modes [49]. Employing Baker-Hausdorff
lemma:
eA˜ B˜ e−A˜ = B˜ +
1
1!
[
A˜, B˜
]
+
1
2!
[
A˜,
[
A˜, B˜
]]
+ ... , (S8)
we obtain the relations:
S˜(ξ)a˜S˜†(ξ) =a˜ cosh r + a˜†eiθ sinh r, (S9)
S˜2(ξ)a˜S˜
†
2(ξ) =a˜ cosh r + b˜
†eiθ sinh r, (S10)
2which will be useful at a later stage.
Now we consider the relation between the vacua corresponding to the two kinds of excitations under consideration.
The s-magnon vacuum, denoted by |0〉β , is defined by:
β˜q |0〉β = (uq b˜q − v∗q b˜†−q) |0〉β = 0, (S11)
for all q. We first consider q = 0 yielding:
(u0 b˜0 − v0 b˜†0) |0〉β0 = 0, (S12)
where we have taken into account that v0 is real. Employing Eq. (S9) and identifying ξ0 = r0 exp(iθ0), cosh r0 = u0
and sinh r0 exp(iθ0) = −v0 , the equation above can be written as:
S˜(ξ0)b˜0S˜
†(ξ0) |0〉β0 = 0, (S13)
whence we obtain:
S˜†(ξ0) |0〉β0 = |0〉b0 or |0〉β0 = S˜(ξ0) |0〉b0 , (S14)
demonstrating that the β0 excitation is obtained by squeezing the b0 excitation. The relation obtained above is
complementary to the demonstration of the q = 0 mode squeezing via evaluation of the vacuum fluctuation of the net
magnetic moment x and y components presented in the main text. In an analogous fashion, using Eqs. (S10) and
(S11), the squeezing of q 6= 0 modes can be demonstrated as has already been discussed in the main text.
SOLUTION TO EQUATIONS OF MOTION
In this section, we give a relatively detailed derivation of the dynamical equation [Eq. (11) in the main text] for
the coherently driven q = 0 mode starting from the total Hamiltonian [Eq. (2) in the main text]. The calculation of
other relevant quantities, such as current and noise, follows an analogous mathematical treatment. Since all operators
of interest can be expressed in terms of the eigenmode creation and annihilation operators, the time evolution of the
latter gives a complete description of the system. The Heisenberg equations of motion read:
˙˜ck+ =
1
i~
[
c˜k+, H˜
]
= −iωk c˜k+ − i
∑
k2q
Wkk2q c˜k2−b˜q , (S15)
˙˜ck− =− iωk c˜k− − i
∑
k1q
W ∗k1kq c˜k1+b˜
†
q , (S16)
˙˜
βq =− iωq β˜q − i
∑
k1k2
(
uqW
∗
k1k2q
c˜†k2−c˜k1+ + vqWk1k2q c˜
†
k1+
c˜k2−
)
+ i
µ0h0B
~
cosωt δq,0 . (S17)
We aim to obtain solution to these equations perturbatively up to the second order in the interfacial exchange
parameter J [Eq. (6) in the main text], and hence Wk1k2q . To this end, we use the method employed by Gardiner
and Collet [44] in deriving the input-output formalism [5] for quantum optical fields. This method entails the following
procedure. Until a certain initial time t0, F and N exist in thermal equilibrium without any mutual interaction or the
driving field, such that the density matrix of the combined system is the outer-product of the F and N equilibrium
density matrices, i.e. ρ = ρeqF ⊗ ρeqN . At t = t0, the F and N interaction (H˜int) and the microwave drive (H˜drive) are
turned on. In the Heisenberg picture, the density matrix for the system stays the same while the operators evolve
with time and get entangled. The steady state dynamics is obtained by taking the limit t0 → −∞ in the end. Within
this prescription, the general solution to equation (S15) for t > t0 may be written as [44]:
c˜k+(t) =e
−iωk(t−t0)c˜k+(t0)− i
∑
k2q
Wkk2q
∫ t
t0
e−iωk(t−t
′) c˜k2−(t
′)b˜q(t′)dt′, (S18)
where c˜k+(t0) is the initial value of the operator. In the equation above, the first term represents the unperturbed
solution while the second term gives the effect of exchange interaction H˜int. A similar expression follows for c˜k−(t)
using equation (S16).
3Since the microwave drives the q = 0 mode coherently, represented by the last term on the right hand side of the
linear dynamical equation [(S17)] for β˜q , we may express β˜0 = β + (β˜0 − β) as the sum over the coherent part given
by a c-number β = 〈β˜0〉 and the incoherent part β˜0 − β. The dynamical equation for β is obtained by taking the
expectation value on both sides of equation (S17) for q = 0:
β˙ =− iω0β − i
∑
k1k2
(
u0W
∗
k1k20
Yk1k2 + v0Wk1k20 Y
∗
k1k2
)
+ i
µ0h0B
~
cosωt, (S19)
with Yk1k2 = 〈c˜†k2−c˜k1+〉. Employing equation (S18) and analogous expressions for c˜k−(t) and β˜q(t), retaining terms
up to the second order in J , we obtain:
Yk1k2 =ipiWk1k20 (nk1 − nk2) [u0βδ(ωk1 − ωk2 − ω) + v0β∗δ(ωk1 − ωk2 + ω)] , (S20)
with nk = 〈c˜†k(t0)c˜k(t0)〉 = f(~ωk − µ), where f() = 1/[exp(/kBT ) + 1] is the Fermi function, µ is the chemical
potential in N, kB is the Boltzmann constant, and T is the system temperature. Employing equation (S20), equation
(S19) simplifies to the desired result [Eq. (11) in the main text]:
β˙ =− iω0β − (u20 + v20 )ΓNβ + 2u0v0ΓNβ∗ + i
µ0h0B
~
cosωt, (S21)
where ΓN is defined by:
ΓN ≡ ΓN(ω) =
∑
k1,k2
pi|Wk1k20 |2(nk2 − nk1)δ(ωk1 − ωk2 − ω). (S22)
In writing equation (S21), we have employed the relation ΓN(−ω) = −ΓN(ω). We now make two simplifying as-
sumptions: (i) |Wk1k20 |2 ≡ |Wµ,0 |2, i.e. Wk1k20 only depends on the magnitudes of k1,2, and thus on the chemical
potential in N, and (ii) the electronic density of states per unit volume in N - g() - does not vary considerably over
energy scales kBT and ~ω around  = µ. With these assumptions, equation (S22) leads to the simplified expression
ΓN = α
′ω, with α′ = pi|Wµ,0 |2V 2N~2g2(µ).
